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Viscoelastic effects in double-pipe single-pass counterflow
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SUMMARY

The conducto-convective heat loss from a viscoelastic liquid, in the core of a double-pipe heat exchanger
arrangement, to a cooler Newtonian fluid flowing in the outer annulus is investigated with direct numerical
simulations. A numerical algorithm based on the finite difference method is implemented in time and space
with the Giesekus constitutive model for the viscoelastic liquids. The flow of both the annulus and core-
fluids is considered to be Poiseuille flow, driven by respective pressure gradients. In general, the results
show that a viscoelastic core-fluid leads to slightly lower (albeit comparable) attainable temperatures in
the core-fluid stream as compared with a corresponding Newtonian fluid. Copyright © 2008 John Wiley
& Sons, Ltd.
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1. INTRODUCTION

The study of direct transfer-type heat exchangers (recuperators) that do not allow for the mixing
of the hot and cold fluid streams is a model problem in the food-processing industry among other
industrial heating and cooling applications [1-5]. In the food-processing industry, the need usually
arises for the heating and cooling of liquid foods, the categorization/flow of which is generally
non-Newtonian by nature. However, the theoretical literature on the non-Newtonian effects in such
pertinent and modern heat exchanger designs is very sparse and this provides the impetus for the
current investigation. A good overview of related literature is given, say in [6], for the helical
double-pipe heat exchangers, and in [7, 8], for shell-and-tube heat exchangers.
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For a comprehensive overview of non-Newtonian flows in general and viscoelastic fluid
phenomena in particular, we refer to the excellent treatises of [9, 10]. A development of the energy
equations for various viscoelastic flows is well documented in [11]. Detailed discussions of the
interrelationships between heat transfer mechanisms and polymeric fluid characteristics are also
outlined therein.

For single-pass heat exchangers, the counterflow arrangement is most thermodynamically supe-
rior to any of the other possible flow arrangements (i.e. cross flow and parallel flow) [1, 3-5].
In particular, the counterflow arrangement is the most efficient in producing the highest tempera-
ture change in each fluid compared with any other two-fluid recuperator arrangement for a given
overall thermal conductance, fluid flow rates and flow inlet temperatures. Moreover, the maximum
temperature difference across the exchanger wall thickness either at the hot- or cold-fluid end
is the lowest and produces minimum thermal stresses in the wall for an equivalent performance
compared with either the cross flow or the parallel flow arrangements. It is thus also in light of
these observations that we choose to limit our study to the counterflow heat exchanger.

In Section 2 we present the model problem and its governing equations. We proceed in Section 3
to develop the numerical algorithm that will be used to solve the respective set of equations. The
main results of the current work, implementing viscoelastic models for the core-fluid, are presented
in Section 4. Concluding remarks follow in Section 5.

2. MATHEMATICAL MODELING

Figure 1 is a sketch of the two-dimensional model problem. The model consists of an inner
channel (which we shall refer to as the core) symmetrically surrounded by outer channels (which
form the shell of what are broadly referred to as shell-and-tube heat exchangers). The core has
dimensions L* x (¢, L*) and the shell has the same length L* but width &;L*, where O<g;, e.<1.
The superscript * will denote a dimensional quantity.
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Figure 1. Schematics of the model problem.
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In the counterflow setup pertinent to this investigation, the core-fluid moves from left to right
driven by a negative pressure gradient —G7 in the x-direction and the shell-fluid flows in the
opposite direction in response to the positive pressure gradient G;. We will, respectively, adopt the
subscripts ¢ and s to denote core- and shell-fluid quantities and in the same vein, we will denote
the dimensional temperature of the connecting wall by T,/ (¢, x).

We will assume that the core-fluid is a viscoelastic liquid subjected to two-dimensional flow
velocity. Compared with the core, we suppose that the shell is a much narrower section and allows
for a one-dimensional flow assumption of the Newtonian fluid flowing therein. The boundary
conditions for the velocity, u* = (u*, v*), are prescribed at the horizontal solid walls (no-slip and
wall impermeability) and at the channel inlets. The conditions at the channel outlets will be deter-
mined as the solution process progresses. In particular, we linearly extrapolate the neighborhood
values to obtain these. Corresponding values for the other flow variables (temperature, 7%, 7,*; core
pressure, p¥; and extra stresses, T¥) on the unprescribed boundaries will be similarly reconstructed
from the main flow. The temperature and pressure will be prescribed at the channel inlets.

The coefficients of thermal expansion, convective heat transfer coefficients, specific heat capac-
ities densities and thermal conductivities of the fluids will be taken as constant and denoted as

/3 ) [f s he, hi, ey s s Py and K7, K, respectively. On the other hand, the viscosities
and relaxation time will be assumed in general to depend on temperature and will be denoted
as follows. For the core-fluid, relaxation time is i*(TCT*), solvent viscosity is n;“ol(TLT“), polymeric
viscosity is 17,(7.) and total viscosity is 77 (T) =n5, (1) +ny,(TF). In the shell-fluid, the total
viscosity is the same as its solvent viscosity and is denoted by #} (7,").

2.1. Governing equations for core-fluid

The core-fluid system is governed by the continuity, momentum and energy equations for incom-
pressible viscoelastic fluids:

V*ui=0
Pe Dr* =V .gc+FC
DT* * k k k
pc Pc Dr* QDc \Y% (I) +Cﬁ T u Vpc+h (T, —T)

where F} is the body force due to fouling/friction factors and will henceforth be neglected. The
total stress tensor is g = —pjé—{—g* +1¢S”, where §* =[V*ug+(V*u #)T] is the deformation rate
tensor, / is the unit tensor and t* is the extra stress tensor. 07, =71" S* +(A=P 1y S S* S* i

the internal heat production cons1st1ng of an irreversible part lS* S* called the mechamcal
dissipation and a reversible part 7* S *. The symbol “:” is the double dot product of two tensors, 7y

is a weighting constant for the d1s51pat1ve terms such that 0<y<1. D/Dt* is the material derivative
and (I)* is the heat flux.

We w1ll model the temperature dependence of the relaxation time and viscosities by a Nahme-
type law [12, 13]:

PE=00MTE) . M=o ke (TH). =m0 ptc(TH), 0 =ngp1(T)
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where
*

_ T
MTH)=(1-9) +5;.% exp(—,0.),  u(T))=exp(—&;0.)
c
with @ =(T}F —T,,))/(AT*) and AT*:TC*(‘) —T;'(;. All quantities subscripted by zero are constant
reference values and ¢, € {0, 1} is a delta function such that
{0 if ;=0

1 otherwise

The heat flux is given by Fourier’s law (I);C =—Kk}V*T} and we use the non-isothermal Giesekus
model for the extra stress tensor t* [14, 15];

o

1)

(% .D
2 (g* —g*D—ﬂ(ln[Tc*/T;f)])) =y (T)S}

v
where the upper convected time derivative t* is defined as

v or* -
= s (ug-VHT = (Vu) " — (V' up)
If we denote by U, C*() the maximum velocity along the centerline of the channel, then the dimen-
sionless parameters for the problem are
k *
Re.= pelat’ De= %0 U, Pro=rele
s L*

) c—

*
ﬁznﬂ
K m,
L*Z U*2 L*
SR Se=ch T S = oY R . iy
K:f AT* ’/Ic[) He UC()

he=

[

Here Re., De and Pr, are, respectively, the Reynolds, Deborah and Prandtl numbers, f is the ratio
of the polymer to total viscosity, . is the convective heat transfer parameter, ., is connected with
dissipative effects, ., is a thermal expansion parameter and o is the Giesekus nonlinear parameter.
If we next introduce the dimensionless variables

t—U_:%t* x—i u‘—u—j Pe= U*zp T‘—i(T:_Tsz)
_L* ’ _L*’ L_U:’ c— c? c— AT*
0
_ ;L* k L* L*
i=5, pe=e V=LV, 1=——1f, S,=-——§*
40 Neo - e UC() o UC() o

then the dimensionless governing equations for the velocity, temperature and stress components
are as given in Equations (1)—(4):

V.u.=0 (1)
2 ¥ pet V(1) + (1) @)
= — _— . T
Dt P Ree Hel) T Moz
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DT, 5
Re. Pr. Dr =V Tc+5czluc[y(£:§c)+(l_V)(l_ﬁ)éc:éc]
1
+Re, 5(‘2 563 <Tc+ E) uc-Vpe+he(Ty—T;) 3)
5 VR D
t+or”+De— | [p2l —p.2— In[CT. +1] ) =S “)
- - He - =Dt -
where
AT - 14¢&
= T, pe=exp(—eyTe), A=(1 —5),)+51m exp(—¢;T¢)

The dimensionless basic velocity (U.(y),0) is the same as for the Newtonian Poiseuille flow
case:

G¢Re,

2u

Ue(y)=— O —y) (5)

c

where G. =G} L*/(p} Uc*oz) is the dimensionless pressure gradient [16]. Following [16], we take
the basic extra stress tensor as

_ C] C2 . (l—ﬁ) ’ 2 . (1_B) l
g—(cz 0), C1—2DeR—ec[Uc(y)], C2=2 Re. Uc(y)

An alternative condition with C; =C, =0 gives similar results.

2.2. Governing equations for shell-fluid

The shell-fluid system is assumed Newtonian with negligible transverse velocity us; = (u5(y), 0).
The relevant governing equations thus follow from those derived for the core-fluid by neglecting
the transverse velocity, vy, transverse pressure variations dpg/dy =0 and extra stress terms, 7. The
dimensionless governing equations for the velocity and temperature are thus -

0
—u;=0

Ox

Oug . Oug Gt 1 5 0 Oug . 0 Ou
J— U—— = — JR— JR— J— J— L —
o " ox “TRes |“ox ax ) Ty Mgy

Re. P (aTv+ aTv) 82Ts+62TS 425 2(a”s>2+<aus>2
CslTg | — TUs— | = -5 57 Mg =
‘ ot 0x ox2  0y? 2Hs Ox Jy

1
+R655525S3 (Ts + E) usGg+hg(Ty —T)
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Figure 2. Scaled velocity vectors of the initial condition.

where G, =G} L*/ (p;*Uggz) is the dimensionless pressure gradient for the shell-fluid. The other
parameters subscripted by s are similarly defined by taking analogies with corresponding core-fluid
parameters. The dimensionless basic velocity (U (y), 0) is also the same as for the Newtonian case:

G Reg

2_
2 "=y (6)

Us(y)=

s

The velocity vector plots corresponding to the initial conditions (5) and (6) are displayed in
Figure 2. Here, we used G, =Gy=¢;=1, Re. =0.3, Re; =150, where the higher Reynolds number
is used in order to keep the time-steps (for the subsequent iterations) low, and for clarity we
employed a rough 12 x 12 mesh grid.

2.3. Governing equations for connecting wall

The temperature in the connecting wall, separating the core-fluid from the shell-fluid, is governed
by the one-dimensional heat conduction equation:
o>Ty

oT>
S =K (T =T+ (T = T))

Using the dimensionless variables defined earlier but with t =« */ L*? instead, we get the dimen-
sionless wall temperature equation:

2
0Ty 0Ty
A, = —2+hc(Tc_Tw)+hs(Ts —Ty)
ot 0x
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The boundary conditions at x =0 and 1 are

Tw |x:0,1 = {[hCTC +hs Ts]y:O.l /(hc +hs)}x:0,1

3. NUMERICAL ALGORITHM

Our numerical algorithm is based on the semi-implicit finite difference scheme similar to that
developed in [17-20] for the isothermal viscoelastic case. We modify it here to a Crank—Nicolson-
type treatment of the implicit terms and also extend the algorithm to the temperature equation.

The discretization of the governing equations is based on a rectangular Cartesian mesh and
uniform grid on which finite differences are taken. We approximate both the second and first spatial
derivatives with second-order central differences. The equations corresponding to the first and last
grid point are modified to incorporate the boundary conditions.

3.1. Numerical scheme for core region

Suppose the solution at the nth time-step is known. The numerical solution for the next time-step
begins with the projection method for the momentum equation (2) which decouples the pressure
computation [21].

Let u. denote the intermediate velocity field that needs to be calculated in the projection method.
The semi-implicit time-integration scheme of Li [19] is applied to decouple the computation of
the components of u, = (i, V.):

(n) (n)
fe—le " ) gy m oy L (v- o Ot ue | Ope Ouc i( ai))
At (e Ve +Rec (Hez)+2 ox Ox * dy dy * dy Heox

2 - 2 - 2 (n) 2 (n)
1 u O u. 0 ue 0u 0 ug
| Z< (2 7
+2 (Rec ( 0x? + 0y? >+Re ( 0x? + 0y? )) @)

- (n) (n)
VeV _ o g™ L (v 5“c e 0 Ove | 0 %)
At (u-V)ve + Re, (el 0x Er Oy 0y * ox \Me dy

2 2 2 (n) 2 (n)
1 u. [0 v 0 v, U, [ 0" ve 0 v,
- 2 22— 8
+2 (Rec ( 0x? + 0y? ) +Rec 0x? + 0y? ®)

where T, represents the kth column of the extra stress tensor and second-order central differences
are used for all spatial derivatives. The implicit terms in the u.-equation are then

2 2
Atp. 0° Atp. 0
<1 _ o 9 e ¢ )uc =explicit terms

Re. 0x2 2Re, 0y?

This scheme allows for the decoupling of variables, which is an advantage over a fully implicit
scheme, the operator on u. factorizes;

2 2
Atp, 0 Atp. 0
-t @) [ - 2K it =explicit terms 9)
Re. 0x? 2Re; Oy 0y2
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with an associated error of O ((Af/Re)?). An analogous system is solved for v.. Hence, the solution
procedure for u. reduces to inversions of tridiagonal matrices. The incompressibility condition

vVl =v.ul"* =0, and

(n+1) _ =
us ' —u
=-V 10
A7 Pe (10)
lead to the Poisson equation for pressure:
V.V p= e aDn
Dc= AL

Multi-scale problems (such as those with a small drop in a much larger domain) would necessarily
demand the use of highly refined meshes and Equation (11) would more efficiently be solved with
a multigrid method. For our mesh resolutions, we solve Equation (11) via direct methods without

(n+1) .

paying too much cost in terms of computational times. The updated solution u; is then found

with Equation (10).

The temperature and Oldroyd-B constitutive equations are treated with an analogous semi-
implicit scheme. The scheme for the temperature equation is similar to that for the velocity
components in that unmixed second partial derivatives of the temperature are treated implicitly:

Tc(n+ 1)) _ TC(”)

At — V)T

N 1 62TC("+1) N 62TC("+1) N 1 62TC(") N 62Tc(n)
2 Re. Pr, ox? 0y? 2Re.Pr. \ 0x2 0y?
2u.0¢, ( Ou, ((%tc avc) avc>

+ReCPrc AR Ox +12 dy + Ox 2 dy

2 A 2\ ()
+(1=pA=p) (f)uc) + %+%> +2<0ﬁvc>
0x dy  Ox 0y

502 503 ( 1 apc ope " he
28T n 4 T(n) T(ﬂ)
e U T tee T, +RecPrc( :

leading to the factorization

2 2
1— At 0 1— A T T+ —explicit terms (12)
2 Re. Pr. 0x? 2Re.Pro 0y? ] ¢ P

The associated error in the factorization is O ([At/(Re, Pr)1?). For the constitutive equation, the
terms that involve spatial derivatives of the extra stress tensor are taken implicitly, as is t:

- 8 0

0
- +v(n) :|(:“c )(n+1/2)_rhs
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where
(n)

c

Ox

+27 +1 n(l+ + He
6)C 12 av llDt ¢

n)]2

I‘hS“:'uCDe/TL[ZTU —'uco([fgl

- Ove Ou, oue.  Ov,
ths|y = p.De /| 111 —+100——+112 +
0x ox | dy

D (n)
+tii—In(1+<¢7T,)
Jy Dt

(n)
ou v
+u.p (—C + —C> —peaf )T

dy  Ox
(n) (n)
- v v, D Ve (n)q2
hspy =p.Ded|2t10— 42100 — —In(14+¢7, U, p———u,
rthsy, = u, eﬂ[ T2 +2122 P -I-fzth n(1+¢ L)} +2u.p 2y Heoltyy']
The corresponding factorization is
2De )+ At De ). At 0 De At 0
crt Ay Derdl o ) (142028 o ) (@D =et. (13)
2De ] 2 De A+ At ox 2De A+ At dy =

with an associated error of O(Dei(”uc | max Ar)? / (2De;1+ At)). The solution procedures reduce to
inversion of tridiagonal matrices.

3.2. Numerical scheme for shell region

The numerical algorithm for the velocity and temperature equations in annulus region is similar
to that for the core region except we no longer need a projection method:

2

Atpg 0

<1 - 2Ri ﬁ) u ! =explicit terms
€s 0y

A O A .
l————— — | [ 1—- ———— — ) 7" =explicit terms
2Reg Prg 0x2 2Res Pry 0y2 ] °

3.3. Numerical scheme for wall temperature

We assume constant convective heat transfer coefficients and thus the governing equation for the
wall temperature is fully linear. We apply the full Crank—Nicolson scheme to this

2
0
T£+l =Tur)l+At |:ax2 T£+l/2+hc(Tgl —T£+l/2)+hs(TSn _T£+]/2)}

4. COMPUTATIONAL RESULTS

4.1. Sample solutions with full SIMPLE algorithm

We first test the complete numerical algorithm (i.e. taking into account both the semi-implicit
scheme and the pressure solver/correction) on a square core ¢ =1. Unless otherwise stated,
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we mostly consider a 40 x40 mesh grid for both the core and shell regions and the following
parameter list: a=1, G.=G;=1, d.,,=0.3, d;,=0.2, d.,=0.15, 95, =0.08, De=4, Pr.=0.8,
Pry=3, Rec=0.9, Re; =150, y=0.6, =0.6, ¢;,=0.1, ¢, =0.1, &y =0.1, &=0.1, dt=0.0001.

The growth of the extra-stresses is illustrated in Figure 3 in terms of the first normal stress
difference N1 =111 — 127 at t =0.2. As the core-fluid flows downstream, it loses some of its thermal
energy to the ambient environment by conduction and convection. For a viscoelastic fluid, some of
this energy would have been used up in the reversible processes of deformation of the constituent
polymer chains. Deformation of polymer chains takes up energy whereas their relaxation gives it
out [11], thus we would expect the first normal stress difference to decrease as the fluid loses heat
and hence becomes more relaxed. However, since the polymer chains may not be fully relaxed,
we would expect a viscoelastic fluid to be at a much lower temperature than a corresponding
Newtonian fluid. This is so since some of the thermal energy that is not dissipated to the ambient
environment would (in a viscoelastic fluid) still be locked up in the inherent deformations whereas
in a Newtonian fluid this un-dissipated energy would manifest itself as direct fluid temperature.

Figure 4(a) shows the variation of the wall temperature (—o—, T,) and also the adjacent
boundary temperatures for the core (—J—, T7¢) and shell-fluids (—A—, 7). Figure 4(b) shows the
centerline core-fluid temperature (—¢—7,) and (coolest-to-warmest) diagonal shell-fluid temper-
ature (—V —Ty). Figure 4 was plotted at r=0.15 on a 30 x 30 mesh grid.

Figure 5 illustrates the surface and contour plots of the fluid temperatures at t=0.17. The
top and bottom subplots represent the upper and lower shell-fluid values, respectively, and the
middle subplots denote the core-fluid values. As expected, we notice an increase in the shell-
fluid temperature as the fluid moves further from the shell inlet and this temperature rise is more
pronounced closer to the connecting wall (and hence closer to the hotter core-fluid) and less so
farther away from the core-fluid. Similarly, the core-fluid temperature decreases in the downstream
direction while maintaining a symmetrical profile in the transverse direction, with higher temper-
ature in the middle of the channel. At the current parameters, the minimum temperature attained
in the core-fluid is 7, =0.00180 and the maximum temperature attained within the shell-fluid
is Tymax =0.36275.

If we change the parameter list between Newtonian and viscoelastic values we notice that the
viscoelastic case leads to slightly higher temperature losses in the core-fluid stream as conjectured

"o 01 02 03 04 05 06 07 08 09 1

Figure 3. Contours of the first normal stress difference Nj.
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Figure 4. (a) Wall, core- and shell-fluid temperatures at the common edges and (b) mid-channel core-fluid
and diagonal (coolest-to-warmest) shell-fluid temperatures.

above. For example on a 30 x 30 mesh grid and at t =0.2, a Newtonian fluid (x=De=7y=f=
¢, =0), with all other parameters as in Figure 5, leads to T¢,;j, =0.00497 and T, =0.35596. On
the other hand, a corresponding (highly elastic) Giesekus liquid (De=4, y=0.9, =0.9, ¢, =0.1,
a=1) gives a much lower T, =0.000491 and a comparable Ts,x=0.35596. An Oldroyd-
B liquid (Giesekus with «=0) is intermediate with T¢;, =0.00207 and also has a comparable
T max =0.3558326.

These results are presented at most at the specific times given. These are not necessarily the
times at which the solutions have settled to a steady state but are, however, simply representative
times at which the qualitative characteristics of the solutions are now well defined and more-or-
less uniform. Steady-state solutions come much later, for example, if we employ the following
parameter list: a=1, G.=G;=1, d.,,=0.1, d5,=1.0, 6,,=0.1, 65, =0.1, De=0.4, Pr.=0.6,
Pry=12, Re,=0.3, Re; =100, y=0.5, =0.5, ¢, =0.1, & =0.1, &, =0.1, &;=0.1, dr=0.0001,
on a 20 x 20 mesh in both the core and shell regions, we obtain the results shown in the table
below:

r=1 t=3 t=15 =20 =25 =30

Max T, at core outlet 0.00083 0.00175 0.00175 0.00175 0.00175 0.00175
Avg T, at core outlet 0.00057 0.00090 0.00117 0.00117 0.00117 0.00117
Max T at shell outlet ~ 0.19852 0.29670 0.30336 0.30336 0.30336 0.30336
Avg T at shell outlet 0.17189 0.25963 0.27292 0.27292 0.27292 0.27292
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Figure 5. Surface and contour plots of temperature.

4.2. Physical considerations

In the physical setup, a heat exchanger with a square core would not only be unrealistic but
also inefficient. The width is normally made a lot smaller than the length to improve efficiency
and performance. With a large length to width ratio, however, spurious instabilities develop in
our computational algorithm and an extensive stability analysis traces these instabilities back to
the pressure equation. However, flows in such narrow horizontal pipes are usually specified with
negligible transverse pressure variations, i.e. Vp.=(—G,,0). This condition removes the need to
solve the pressure equation (11) and simply adds the term —G . on the right-hand side (and explicit
part) of Equation (7). The resultant computational algorithm works stably for the required (small)
values of ¢.. The graphical results are qualitatively the same as those already given for the square
geometry. Taking e, =0.2 and a=1, G, =G, =1, d., =0.1, &5, =1.0, d.; =0.1, 35, =0.1, De=0.4,
Pr.=0.8, Pry=2, Re.=0.6, Re; =100, y=0.5, f=0.5, ¢;,=0.1, &, =0.1, &y =0.1, &, =0.1, dr =
0.0001, on a 30 x 30 mesh and at # = 1; we obtain max T, avg T, max T and avg Ty, respectively,
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as 0.00169, 0.00092, 0.32879, 0.24178. The corresponding Newtonian problem comparably gives
0.00169, 0.00092, 0.32872, 0.24177, respectively. Thus, unlike [22] where drastic differences were
noted in comparisons between Newtonian and viscoelastic fluid behavior in shear flows subjected
to chemical reactions, the current results show relatively comparable behavior between such fluids.

5. CONCLUSION

We have successfully modeled and numerically solved the conducto-convective heat transfer
between Newtonian shell-side and Giesekus core-side liquids in straight double-pipe counterflow
heat exchangers. Our results show that a viscoelastic core-fluid leads to slightly higher (but practi-
cally comparable) temperature drops within the core-fluid compared with the use of a corresponding
Newtonian fluid. We have also checked our codes for both temporal and mesh convergence.
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